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IMPROVED LOWER BOUNDS FOR THE UNIFORM RADIUS OF
SPATIAL ANALYTICITY OF THE MODIFIED CAMASSA-HOLM
EQUATION

TEGEGNE GETACHEW

ABSTRACT. We show that the uniform radius of spatial analyticity, o(t), of the
solutions at time t for the modified Camassa-Holm equation is bounded below

by cltlfﬁ for large t, where vy is a value in the interval (—0, 1], provided the
initial data is analytic with a fixed radius og. To establish this lower bound, we
use the standard contraction mapping principle, an approximate conservation
law in the modified Gevrey space HO! linear estimates, a Strichartz estimate,
the Transference principle, and Sobolev embedding. This result enhances the
findings of Himonas and Petronilho, as well as Getachew.

1. INTRODUCTION

We consider the modified Camassa-Holm (mCH) equation
dru (=DM udu + 0y (1—02) ! (u2 + ;(6Xu)2) =0, (1.1)

where the unknown function u(x, t) is real-valued and j is any integer such that
6 < j < 10. This type of equation originally introduced in [8,9] by Himonas and
Misiotek as a dispersive regularization of the well-known Camassa-Holm (CH)
equation, which is an integrable equation arising in the water wave theory.

We compliment (1.1) with initial data

u(x,0) = ug(x). (1.2)
The energy
E(t) = % J (u2 + (6Xu)2> dx (1.3)
R

is conserved by the flow of (1.1). That is
E(t) =E(0) Vt (1.4)
Well-posedness of (1.1) in the Sobolev space has been studied intensively by
various scholars. In particular, Li et al. [17] proved that (1.1) is locally well-posed
for initial data in H®(R) with s > —j + %, where j > 1 is any integer. Moreover,
the authors proved (1.1) is globally well-posed for initial data in H'(R). Later,
Li et al. [16] proved sharp well-posedness for the small initial data in Hoi+i (R)
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and ill-posedness for the initial data in homogeneous Sobolev spaces H* (R) with
s<—j+ % to (1.1), where j > 2 be any integer.

The idea of spatial analyticity radius was introduced in [14] by Kato and Ma-
suda. Since then, numerous authors have focused on establishing an algebraic
decay rate of order t~* (for some o« > 1) for the radius of spatial analyticity in
various nonlinear dispersive partial differential equations (PDEs) (see for exam-
ple, [1,5,6,18] and reference therein).

Coming back to (1.1), Himonas and Petronilho [11] studied the property of the
spatial analyticity of the solution wu(x,t), given that the initial data uy(x) is real-
analytic with uniform radius of analyticity oy, so there is a holomorphic extension
to a complex strip S, of width 20y. In fact, the authors studied the initial value
problem (IVP) associated with the modified CH equation (1.1) and obtained a
lower bound on the radius of spatial analyticity

o(T) = min{og, cT %},
where o« = % + ¢, for sufficiently small € > 0,if j =1 and « =1if j > 2 is any
integer.

For j > 9, the result of Himonas and Petronilho is improved in the paper [12].
The author obtained a decay rate of order c\tl’% when j =9, cltI*% when j = 10,
and CItI’% when j > 11.

This paper aims to improve the results obtained in [11,12]. To achieve this, we
first introduce crucial function spaces for the study of spatial analyticity.

To study the spatial analyticity radius for solutions of a large class of dispersive

partial differential equations (PDEs), we introduce the Gevrey space of analytic
functions, denoted by G°* := G°*(RR) for s > 0 and o > 0. This space is defined

via the norm
eOlél <£>Sﬂ

where (&) = /1 +&? and fis the spatial Fourier transform of f given by

fll cos = ’
|| HGG/S LzaUR)’

F(E) = Folf(E) = LR e~ XEf(x) dx.

Note that when o = 0, the Gevrey spaces G°*(IR) coincide with the Sobolev
spaces H® := H%(IR), which are equipped with the norm

fllys = S
IfllHs = [1{&) IILzé(]R),

while for ¢ > 0, any function in G°*(IR) has a radius of analyticity of at least o
at each point x € R. This fact is contained in the Paley—Wiener Theorem. A proof
for the case s = 0 can be found in [15]; the general case follows from a simple
modification.

Theorem 1 (Paley—Wiener Theorem). Let 0 > 0 and s € R. Then, any function f is
in GO (IR) if and only if f is the restriction to R of a function F which is holomorphic in
the strip

Se={x+iyeC: lyl <o}k
Moreover, the function F satisfies the estimates

sup [[F(- +1iy)|lns(r) < oo
lyl<o



mCH: Spacial analyticity

To obtain a better lower bound for the radius of spatial analyticity for solutions
to nonlinear PDEs, Dufera et al. [4] introduced a new idea to establish a higher
order conservation law. For this purpose, the authors introduced a new space
called a modified Gevrey space, denoted by H°"® := H%*(IR), which is endowed
with the norm

fll1y0s = Hcoshmamaﬂ

L3(R)
This space is obtained from the Gevrey space G°*(IR) by replacing the exponen-

tial weight el&l with the hyperbolic weight cosh(ol&|).
The two weights are equivalent in the sense that

%e"‘a‘ < cosh(olé]) < eolel (1.5)

As a consequence of (1.5), the norms |[|f|[yos and [|f||ge.s are equivalent; i.e.,
IfllHos ~ Ifllgos, (1.6)

and hence the statement of Paley-Wiener Theorem still holds for functions in
HY3(R).

The method of Gevrey approximate conservation laws yields a decay rate of
order t~1/° for some 0 < p < 1 on the radius of spatial analyticity of solutions
to a number of nonlinear dispersive and wave equations (see, e.g, [10,22-26] and
the references therein). This decay rate is obtained based on the simple estimate

1—e %l < (alg))P.

In an attempt to improve the decay rate, the use of approximate conservation
laws in the modified Gevrey space can yield a decay rate of order t—1/(2¢) for
some 0 < p < 1 (see, e.g., [13,20,21,27] and references therein). This decay rate is
obtained using the inequality

cosh(olg]) —1 < (0]&))%° cosh(olE)), 0 < p < 1.

This inequality follows from an interpolation between the cases where coshr —
1 < coshrand coshr—1 < 12 coshr for r € R.
Observe that the modified Gevrey space satisfy the following embedding prop-
erty:
H$(R) c H® %' (R) forall 0< o’ <o ands <s’ € R. 1.7)

In particular, we have the embedding

HoS(R) ¢ HS'(R) foralld < cands <s’ € R.

As a consequence of this embedding property and the existing well-posedness
theory in H!(R), we conclude that the IVP (1.1)~(1.2) has a unique and global-in-
time solution, given initial data 1y € H°!(R) for all oy > 0.

Our main result is as follows:

Theorem 2. Suppose that u is the global solution of (1.1)—(1.2) with initial data ugy €
HO for some oy > 0. Then

u(t) e HOWD (1.8)
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with the radius of analyticity o(t) satisfying the lower bound

o(t) =clt ™3, when j =6, 1.9)
o(t) =clt|"2, when 7 <j <10, (1.10)
where ¢ > 0 is a constant depending on |[ugl|,yo1 and 6 < j < 10 is any integer.

Notation: For a,b > 0 in IR, we use a < b if there exists a positive constant C,
which may vary from line to line such that a < Cb. Moreover, we use a ~ b if
a Sband b < a. Furthermore, for any € > 0 and any a € R, we use a+ to mean
azte.

The mCH equation is invariant under the change of variables (x,t) — (—x, —t),
so we can assume that time t > 0. The rest of the paper is organized as follows.
In Section 2, we introduce the necessary function spaces and establish various
space-time estimates used throughout the paper. We also state the local-in-time
well-posedness result in this section. In Section 3, we derive an approximate
conservation law in the space H°1(R) because the H!-norm is conserved by the
flow of (1.1). Finally, in Section 4, we establish the lower bounds given in (1.9) for
the uniform radius of spatial analyticity, which completes the proof of Theorem
2.

2. PRELIMINARY CONCEPTS

In this section, we discuss the function spaces and space-time estimates used
throughout this paper. We also state the local well-posedness result for the initial
value problem (IVP) (1.1)—(1.2) in the modified Gevrey space HY! for o > 0.

The Bourgain space X*° := X%P(R?) associated with (1.1) is defined as the
completion of the Schwartz space .7+ (R x R) with respect to the norm

[ullxs = [1(€)* (r— €5 T) P, Ellz , (rxw)-

where s,b € R and u denotes the space-time Fourier transform of u given by
(8, T) = Tl (&, 1) = j e TLTHREy (1) dxdt.
R2

For any o > 0,5,b € R, the Gevrey-Bourgain space , denoted by X%$® =
X9:5b(RR2), is defined by the norm

ullxos0 = [1{E)° (v — EP ) PelEhi(r, Ellz, (rxw)-

This space coincides with the Bourgain space for o = 0.
Finally, we will need the restriction of X% and X5 to a time slab (0,T) x

RR. These restricted spaces, denoted by X® and X$*® respectively, are Banach
spaces equipped with the norms

||u||X%b = inf{|[v||xs» : v=uon (0,T) x R}

Resp., ||u||X$,S,b = inf{|[v||xosv : v=uon (0,T) x R}.
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Now, we record some useful estimates that will be used in this paper. To do
this, we first consider the IVP for the linear part of the mCH equation

{atu+ (—1)+1¥+ = F(x, 1), 1)
u(x,0) = ug(x).

Using Duhamel’s formula, we can write the IVP (2.1) in its integral equation form
as

t
u(t) = Wj(thug — JWj (t —T)F(1)dT, (2.2)
0

where Wj(t) = (1107 ig the solution group. The solution group Wj(t)
satisfies the following energy inequalities. For a detailed proof, we refer to [11,
Lemma 2.1]

Lemma 2.1. Let 0 > 0and 1/2 < b < 1. Then, for all 0 < & < 1, there is a constant
C := C(b) such that

W (t)u0||xg,1,b < Clluollyyonr (2.3)

Jt W;j(t—1)F(1) dt
0

< o1lb—1 - .
XOLb <C ”F”Xzs'l'b ! 24
5

Moreover, we have the following Lg LY estimates for W; (t)ug(x) [3].

Lemma 2.2 (Strichartz estimate). Let j > 1 be any integer such that —1 < o < %
and 0 < 0 < 1. Then for any & > 0, there exists a constant C > 0 depending only on

8, ocand 0 such that for any 0 < T < & and ug € [2(R)

forrwon

gy < Clhalz,

wherep =2/(1—0)and q = (45+2)/0(1 + «).

With a simple modification, one can deduce from Lemma 2.2 that

0% 5500, < Clluoliz 5)

Then, by a standard transference principle!, the estimate from (2.12) implies

1%

< Clhullxob, (2.6)

LILE

for all u € X0, where j,,0,5,T,p, and q are as in Lemma 2.2 and b > %
In particular, choosing 8 =1 and 2 < o < % yields

< Cliullxop, 2.7)

4Ly
and choosing 6 = 0 yields

HuHLOTQL>2< < C||11w‘|)(0,17- (2.8)

L its proof can be found in [19, Lemma 2.9].
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On the other hand, choosing 6 =1 and « = 2 associated with j > 3 yields

[(D)ufl sz < Cliullxop. (2.9)
Lo Ly
For1/2<b<1land b >0, we have?
1-b
Hu”Xgrb*l < CT ||u||L%HS’ (210)

where C > 0 is a constant independent of 5.
For the specific case of j = 6, the Lemma gives

[c)e3
HDTWG(’E)LL()‘ .

Lo S Cliuollz, (2.11)

q

TEx

where —1 < o < 12—1, and 6,8, T,p, and q are as in Lemma 2.2.
A simple modification of (2.11) yields:

O
H<D> 2 W6(t)uOHL$LE < Cliugllz - (2.12)

Applying a standard transference principle (see [19, Lemma 2.9]) to the esti-
mate in (2.12) gives:

< Clhullyoo, (2.13)

for all u € XOP.
Specifically, choosing 6 =1 and « = 171 leads to:

ot

re < Ol (2.14)

In the same way, choosing 0 = 1 and & = 4 leads to:

2|, < Clhulxon. (2.15)

Lirg
On the other hand, choosing 6 = 0 yields

Il cserz < Clhulixos.- (2.16)
We need the following lemma, whose proof can be found in [4, Lemma 3].

Lemma 2.3. Let p > 1 be an integer, 0 > 0, and &m € R for m=1,2,---,p such that
p p

E= Y Em. IfK(08) =1 —cosh(ot]) [] sech(ol&ml), then

m=1

m=1
P
K(o&)| < 2P0 > |&mllEnl-
m#n=1

We conclude this section with the following local well-posedness result, whose
proof can be found in [12, Theorem 2].

Theorem 3 (Local well-posedness). Let o > 0. Then for any wy € H/ there exists a
time & = 8(||upl|yyo1) > 0 and a unique solution

weC ([O,é];HU'l) ,

21t can be found in [19, Lemma 2.11].
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of the IVP (1.1) on R x [0,8]. Moreover, the solution depends continuously on the data
ug and the existence time is given by

& =colluoll o1 (2.17)

for some constants cq > 0 and a > 1. In addition, for some 1/2 < b < 1, the solution uw
satisfies the bound
Hullxgmb < Clluollyyor- (2.18)

3. APPROXIMATE CONSERVATION LAW

Let
Vo (x,t) := cosh(o|D|)u(x, t),
where u is the local solution to (1.1). Then, u = sech(o|D|)vs. Note also that
Vo (+,0) = cosh(alD|)ug(-).
Now, define the modified energy associated with the function v as:

1
Eq(t) = 5 J (\% + (axvg)z) dx. (3.1)
R
For o = 0, we have from (1.3) the conservation

Eo(t) = Eg(0), Vt.

However, this conservation property fails to hold for o > 0. In what follows, we
will nevertheless find a growth estimate for E(t) and consequently prove that it
is an approximate conserved quantity at the H! level of Sobolev regularity. This
will allow us to extend the local solution to the IVP (1.1)—(1.2) globally in time
and obtain a lower bound for the spatial analyticity radius o(t) as [t| — oo.

For 0 < 1 < 9§, and 6 as in Theorem 3, we have

Eo(T) = EO‘Q(O) +Ro (1), (3.2)

where

Rg(T) = ng -N(vg)dxdt, (3.3)

R

o——

with N(vg) as in (3.6).
Proof of (3.2). Because of integration by parts®, (1.1) can be rewritten as

dru—0¢2u+ (—1) oY+ (1) 203U 4 3udu — 20, ud2u —uddu = 0.
(3.4)

Then, by applying cosh(c|D|) to (3.4), we obtain the following equation for v
dve — 310%ve + (1) T10P vy + (17200 Hvg + 3vdxvo
—20,V02ve —Ved3vs = N(vg). (3.5)

where

3
Nive) = 3 Nilvo), (3.6)
k=1

3Integration by parts is justified, since we may assume that v (x,t) and all of its spatial deriva-
tives decays to zero as |x| — +oo [18, see the foot note on page 9 |.

10
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with
3

Ni(ve) = 50x (v& — cosh(oIDI)(sech(o[Dl}ve)?) ,

No(ve) =2 (axvgaivg — cosh(a|D| [ax(sech(cm\)%) : ai(sech(UIDl)vg)]) )
N3(vg) = (vgaivg — cosh(o|DJ) [sech(alDl)vG . ai(sech(GIDl)vo)D .

By differentiating E(t) with respect to t and applying equations (3.5), (3.6),
along with integration by parts, we obtain

d )
EEa(t) = | (Vg0tVg + 0xVs010xVy) dx
R
= |ve-(1-0%) dvedx
] o ( x) tVo
R
= |ve - (M(vg) + N(vg)) dx
R
- V()"N(VO')dX/
R

where N(v¢) is defined in equation (3.6) and M(v.) is given by

M(vg) = (=120 1y 4+ (=130 13y 5 —3v50x Ve +20xV6 02 Ve + Ve dove.
Subsequently, integrating this result over the time interval (0, t) for T < § yields
the desired equality (3.2). O

The integral (3.3) satisfies the following a priori estimate.

Lemma 3.1. Let 6 > 0and 1/2 <b < 1and 6 < j < 10 be any integer. Then for any
Vg € X}S’b and 0 < t < 6, we have
3
sup R (1)l < CoZlvll s, (3.7)
T€l(0,8] 6

for a constant C > 0 depending on 6.

To prove this Lemma, we will write R (1) as

T

T T
Rg(T) :JJVU . Nl(vg)dxdt+J'ng Nj(vg dxdt+Jng N3(vg)dxdt, (3.8)
0 0

O

=Ry (1) =Ry (1) =RY (1)
where Ny (vg) for k =1,2,3 are as in (3.6).
Thus, the integrals ng) (t) for k =1, 2, 3 satisfy the following estimates.

3
sup [RE) ()| £ 02Vivoly for v € {1] (39)
t€(0,8] 5 4
2y 3 37
sup ‘R ‘<c olan for ve |7 5|, (3.10)
T€[0,d] 4’8

11
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sup [RG" (1)] < o Ivalfyye, (3.11)
t€(0,5]
when j = 6 and
(72 3 _
sup ‘R ‘< ol k=1,23, (3.12)
T€(0,8] 3

when 7 < j < 10.
Proof of (3.9). By Plancherel’s Theorem and Lemma 2.3, we have

Jv?(a 1) - N; (vo) (€, t)dEdt

o
<| [ et or ez [T 195 (Em, Dldn(e)at

O]R3 m=1
where K(0l&|) is as in Lemma 2.3 and dp(&) is the measure given by
du(g) = 8(&— &1 + &p)dé 1 déy. (3.13)

This imposes the condition & = &; — &,.
Clearly, we have

K(c&)l < 1. (3.14)
By symmetry, we can assume that |&;| < |&,]. Then, we have
K(0€)| < Co?[Ei €. (3.15)
For any 0 < v < 1, interpolation between (3.14) and (3.15) gives
K(0&) < Co® &1V [Eo]". (3.16)

In particular, choosing y = 3 yields

K(0&) < Co?l&;Ieal1. (3.17)
By symmetry, we may assume that |&;| < |&;|, which implies |&] < 2|&;|. Con-
sequently, let’s denote
Weo = Vol (3.18)
For any choice of y € [%, 1] and o € [%,4], applying Plancherel’s Theorem, (3.16),
Holder’s inequality, (2.13), (2.16) and Sobolev embedding, we obtain
5

2
RG] < o [ [ lemma(e vl T] walem, tan()at

O ]Rs m=1

5
S oY J Wo &, 1) - (81)YWo (&1, 1) - (E2) TV Wo (g, t)dp(E)dt

J
0 R

< oY Jwg o - (DY Ywodxdt
R

o«

12
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25—«

N oY HWO"HLOOLZ (D >WG||Lg°L2 <D>1+YW ’
x L1+zx Loo
N O‘ZYHWUH?’ 1b ~ UZYHVGHX1 b/
where the second line follows from the fact that |£] < (&) for any & € R. O

Proof of (3.10). By Plancherel’s Theorem and Lemma 2.3, we have

”vz(a,t)-Nﬂ)(a,t)dadt
0

R
5 2
<| [ wate vl kol ealea? T Falem vidue)ae
0

R m=1

3
where dp(&) and K(o&) be as in (3.13) and Lemma 2.3, respectively.

For any choice of v € [%, %} and o € [%, ﬂ] applying Plancherel’s Theorem,

(3.16), Holder’s inequality, (2.13), (2.16) and Sobolev embedding, we obtain
S

O 2
’RE;Z)(T)’ <o J Wol& 1) [&lY[EY - 1E1l1Eal [ Woltm, t)dn(&)dt
0 RS m=1

<o J Wol(& 1) (E1)Wol&1, 1) - (£2)*" Y Wo (&, t)du(€)dt
0 R3

8
< o2 JWG - (D)wg - <D>2+2ngdxdt

J
0 R
250(

SO oY HWGHLOOLZ (D >WG||Lg°L§

(D)

T+ Ly

< oY ||wg||

o~ 02 el
o X5/

proof of (3.11). By Plancherel’s Theorem and Lemma 2.3, we have

RO @] =] | 95(6,) Nalve) (& t)dzat

2
Vo (& Ol K& &P [ | Mo(&m, t)ldu(&)dt

R3 m=1

where dp(&) and K(o&) are as defined in (3.13) and Lemma 2.3, respectively.

Applying Plancherel’s Theorem, (3.17), Holder’s inequality, (2.14), and Sobolev
embedding, we obtain

RO < o%”wo &) el leal? - 6 H W (£, t)dp(E)dt

011—{3 m=1

13
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3
2

A

o JVT)}

3

3
2

) (E1)iwg(E1,1) - (£2) ¥ g (£, t)dp(E) dt
w

15
o (D)4 wgdxdt

N

o

Ce——on @——on

(&t
R
Jwg-<D>%
R

(D) (D) Two

3 3
< sloflwolliorz wol

LPL2

3 3
S cr2||‘/\/'cr||§’(1,b ~ 62||V0|‘§(1,b'
5 5

Therefore, we have
R (1) < RS (1) + RY (1) + RS (1)),

. 3
and hence we obtain [R(T)| < 02 ||v(7||§<1,b'
5

Proof of (3.12). We prove the desired estimate of R (T) by estimating the quanti-
ties RE;“) (t) for n =1,2,3 as follows:

Estimate for Rgl ) (t). By Plancherel’s Theorem and Lemma 2.3, we have

—

RS ()] = “vﬁy(my 1(ve) (& t)dedt
0

m=1

R
5 2
<| [ wete v ek TT 1stem tiaute)e,
0

©w

R

where dp(&) is as given in (3.13).
Denoting

Wo = [Vol. (3.19)

The, we obtain from the Plancherel’s Theorem, Holder’s inequality, (3.15), (2.14)
for « = 2, (2.8) and one dimensional Sobolev embedding that

] 2
RO@| < o2 [ | lemate ) lealeal T] walem, tan()at
m=1

0
o
< GZJ J W3 (E,4) - (E W5 (£, 1) - (E2) 20 (Ep, t)dp(E) dt
0
5
|

R
Jwg -(D)wg - (D)?we dxdt
R

<D>2WG

3
S 5462||W0”L30L§ {D)wollpeor2 L4 o0
5%

14
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S Plwell e ~ Plvelle-
o X& o X

(2)

Estimate for Ry (t). By Plancherel’s Theorem and Lemma 2.3, we have

,r
0
T
0
where dp(&) and K(o&) be as in (3.13) and Lemma 2.3, respectively.

By using symmetry, Plancherel’s Theorem, (3.15), Holder’s inequality, (2.14)
for & = 6, (2.8) and Sobolev embedding, we obtain

Vo(£,1) - Na(ve) (& t)dEdt

Vo(& 1) K(o&)| |&1Ef H Vo (&m, t)ldu(E)dt

m=1

[
I

)

2
| wate v lealeal- o [T wolem, tauteae

0 R3 m=1
5

< o? J Wo(6,) - (E1)Wa (&1, 1) - (E2) e (£, ) du(E)dt

J

0 R3
S

N
G

Jwg (D)wyg - (DY wgdxdt
0R

3
< 830%woll sor2 1{D)Wollper2 || (D) we

~ *lvelf}

Ll

< lwlf

le le

Estimate for RE;B ) (7). By Plancherel’s Theorem and Lemma 2.3, we have

)-N3 Vo) (&,t)dédt

S——1q

Vo(& 1)l IK(08)] €5 H Vo (Em, t)ldp(€)dt

m=1

=]
]

O%on

where dp(&) and K(o&) be as in (3.13) and Lemma 2.3, respectively.
Applying Plancherel’s Theorem, (3.15), Holder’s inequality, (2.14) for o« = 6,
(2.8) and Sobolev embedding gives

S
(GRS J Fo(6,0)- Il 1o [ 5 (Em tIdulE)dt
0 R

m=1

15
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< o? J Wa(£,1) - (E1)Wal(E1,t) - (E2) e (€2, t)dp(E)dt

R
on (D)wg - (D) wydxdt
R

<D>4WG

3
<53
S 540_2”""0”1_%%% H<D>WG”L‘§°L§ LAy

< iwolln ~ ool
(I
Therefore, we have
Ro ()l < IRG (1) + IRG (1) + IRG (7)),
and hence we obtain [Rq(T)| < G%Ilvgllil,b.
5
([l

Theorem 4 (Approximate conservation law). Let ug € Ho! for o > 0. Suppose that
u is the local solution to the IVP (1.1)—(1.2) on R x [0, 8] that is constructed in Theorem
3. Then,

3
sup Eq(t) < Eg,(0) + Co?YEZ(0), (3.20)
te[0,8]

for some constant C > 0, wherey = 3 if j = 6 and v = 1 if 7 < j < 10 is any integer.
Proof. First, observe that by (2.18),
Vollxie = lullyore < Cliuollor = (Vo (0)ll1- (3.21)

On the other hand, we have

Vo (- 0): = | (£)* Vs (&,0)PdE
R
= |(1+[EF)Vs(E,0)7dE,
R
= | (W&, 0P + 18P (£, 0)7) de
R
— | o lx, 0)2dx + j [Dve (x,0)2dx
R R

ZZEGO(O)I

which in turn implies
1
Ve (-, 0)llq1 = 224/Eq,(0). (3.22)
Then, (3.22) combined with (3.21) gives

||VUHXé/b < Cy/ Eo, (0). (3.23)
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Finally, the estimate (3.23) together with (3.7) yields (3.20). O

4. Proor oF THEOREM 2
Assume that u(-,0) = ug(-) € H! for some oy > 0, which in turn implies
Voo (+,0) = cosh(og|D|)ug(-) € H.

Then from the definitions of a modified energy, we have

1
Eg,(0) = iHVO'O('/O)H%_ll < oo.

Following the argument in [12, 18] (see also [7]), we can construct a solution
on [0, T] for arbitrarily large time T. We achieve this by applying the approx-
imate conservation law in Theorem 4 and repeating the local-in-time result on
consecutive short intervals [0, 8]. This process allows us to adjust the strip width
parameter o € [0, og] of the solution according to the size of T. To begin, we first
note that by Theorem 4,

3
sup Eq(t) < E(0) +co?VE2(0)
0<t<8p 4.1
3
< Eoy(0) +co™ES, (0),

for some & in the interval (0, 8], where v be as in Theorem 4. Here, to get the
second line we used the fact that E(0) < Eg,(0) which holds for o < op as coshr
is increasing for r > 0. Thus,

sup Eq(t) <2Eq,(0) (4.2)
<ty
provided that
3
co?YEZ,(0) < Eg,(0). (4.3)

Next, we apply the local theory with initial time t = §y and time-step size 6 to
extend the solution from [0, 7] to [t, T+ 8]. By Theorem 3.20 and (4.2) we obtain

3
sup  Eglt) < Eq(8g) +co?Y22EZ(0). (4.4)
So<t<8o+8
Proceeding in this manner we can cover all time intervals [0, 3], [5, 28], [25, 38], etc.,
and then apply induction (see e.g, [12]) to establish
sup Eqo(t) <2Eq,(0) for o> cT_%, (4.5)
0<t<T
where ¢ > 0 depends on Eg,(0). This would in turn imply
1
sup [[u(t)|[jgor(r) <00 for o>cT 2v
0<t<T

which proves Theorem 2.
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